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TSUJI'S NUMERICAL TRIVIAL FIBRATIONS
THOMAS ECKL
Abstrat. The Redution Map Theorem in H. Tsuji's work [Tsu00℄ on nu-
merial trivial brations is orreted and proven. To this purpose various
denitions of Tsuji's new intersetion numbers for pseudo-eetive line bun-
dles equipped with a positive singular hermitian metri are ompared and their
equivalene on suiently general smooth urves is shown. Numerially trivial
varieties are haraterized by a deomposition property of the urvature ur-
rent. An important adjustment to the Redution Map Theorem is to onsider
the fat that plurisubharmoni funtions are singular on pluripolar sets.
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1. Introdution
In [Tsu00℄, H. Tsuji stated several very interesting assertions on the struture of
pseudo-eetive line bundles L on a projetive manifold X . In partiular he postu-
lated the existene of a meromorphi redution map, whih essentially says that
through the general point of X there is a maximal irreduible L−at subvariety.
Moreover the redution map should be almost holomorphi, i.e. has ompat -
bres whih do not meet the indeterminay lous of the redution map. The proofs
of [Tsu00℄ use deep analyti methods and are extremely diult to follow. In
[BCE
+
00℄, the existene of a similar redution map for nef line bundles and that it
1991 Mathematis Subjet Classiation. 32J25.
Key words and phrases. singular hermitian line bundles, intersetion numbers, numerially
trivial brations.
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is almost holomorphi is proven by purely algebrai methods. This was also stated
expliitly in [Tsu00℄, but it is not lear how the two redution maps are onneted.
The purpose of this note is rst to larify the exat meaning of the intersetion
numbers to whih the term numerial trivial refers. Three denitions may be
found useful in Tsuji's arguments, and it is a very subtle question when they are
equivalent:
Denition 1.1. Let X be a smooth projetive omplex manifold, let L be a holo-
morphi line bundle on X with positive singular hermitian metri h. If C ⊂ X is
an irreduible urve with normalization pi : C˜ → C suh that h is well dened on
C, i.e. h|C 6≡ +∞, then dene the intersetion number
(L, h).C := lim sup
m→∞
1
m
h0(C˜,OC˜(mpi
∗L)⊗ I((pi∗h)m)).
Here, I((pi∗h)m)) denotes the multiplier ideal sheaf of the pulled bak metri (pi∗h)m
on C˜.
This denition leads diretly to the birational invariane of the intersetion num-
bers, i.e.for a birational morphism f : X˜ → X
(f∗L, h∗).C¯ = (L, h).C
where C¯ is the strit transform (s. subsetion 2.6).
Next, one has
Proposition 1.2. If C is smooth,
(L, h).C = L.C −
∑
x∈C
ν(Θh|C , x),
where ν(Θh|C , x) is the Lelong number of the positive urrent Θh restrited to C in
x ∈ C.
This equality gives a more geometri interpretation of the intersetion numbers
(espeially in the ase of analyti singularities, s. Proposition 2.13) and is an
important step towards a last equality. This is the most subtle one, and to formulate
it properly, one has to remember that plurisubharmoni funtions are equal to −∞
on pluripolar sets, and that for a positive urrent Θ, the level sets of the Lelong
numbers Ec(Θ) = {x ∈ X |ν(Θ, x) ≥ c} are analyti subsets of X ([Siu74℄,[Dem00,
(2.10)℄):
Denition 1.3. Let X,L, h be as in the previous denition. A smooth urve C ⊂ X
will be alled (L, h)− general i h|C is a well dened singular metri on C and
(i) C intersets no odim-2-omponent in any of the Ec(h),
(ii) C intersets every prime divisor D ⊂ Ec(h) in the regular lous Dreg
of this divisor, C does not interset the intersetion of two suh prime
divisors, and every intersetion point x has the minimal Lelong number
ν(h, x) = ν(h,D) := minz∈D ν(h, z),
(iii) for all x ∈ C, the Lelong numbers
ν(h|C , x) = ν(h, x).
Using methods of [ME00℄ it is possible to show that in families of urves overing
X (e.g. the Chow variety) every urve outside a pluripolar set is (L, h)− general,
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s. Theorem 2.1. One an even proof the stability of this notion under ertain blow
ups, s. Lemma 2.8. The main reason for introduing this notion lies in the equality
I(hm) · OC = I(h
m)|C = I(h
m
|C),
whih is true for (L, h)− general urves. From this one easily gets the announed
last equality
Theorem 1.4. For (L, h)− general smooth urves C ⊂ X,
(L, h).C = lim sup
m→∞
1
m
h0(C,OC(mL)⊗ I(h
m) · OC),
where I(hm) · OC is the image of I(hm)⊗OC in OC .
This equality is needed in order to be able to interhange restrition (to urves C)
with taking global setions (of the sheaf OX(mL)⊗ I(hm)) as in the proof of the
Key Lemma in subsetion 3.2. There are expliit ounterexamples for arbitrary
urves, s. subsetion 2.5. On the other hand the equality is true in general in ase
of analyti singularities, s. Proposition 2.11.
Furthermore this equality motivates the introdution of intersetion numbers as
dened above, beause it assoiates these numbers with the sheaf OX(mL)⊗I(hm)
whih is useful and interesting in several ways: For ertain L's and h's it ours in
Nadel's Vanishing Theorem. Next, an appropriately hosen metri h should enode
the negative part of L in the multiplier ideal sheaves I(hm). And for an analyti
Zariski deomposition h the global setions of OX(mL) ⊗ I(hm) are the same as
those of OX(mL).
Seond, this note proves the existene of the redution map with respet to the pair
(L, h). The aim is to get a redution map with numerially trivial bers:
Denition 1.5. Let X be a smooth projetive omplex manifold, let L be a pseu-
doeetive holomorphi line bundle on X with positive singular hermitian metri
h. Then a subvariety Y ⊂ X is alled numerially trivial (with respet to (L, h)) if
eah urve C ⊂ Y suh that h|C 6≡ ∞ has intersetion number (L, h).C = 0.
If X itself is numerially trivial one an prove the following onsequene for the
urvature urrent:
Theorem 1.6. Let X be a smooth projetive omplex manifold, let L be a pseudo-
eetive line bundle on X with positive singular hermitian metri h suh that X is
(L, h)− numerially trivial. Then the urvature urrent Θh may be deomposed as
Θh =
∑
i
ai[Di]
where the Di form a ountable set of prime divisors on X and the ai > 0.
One has to adjust Tsuji's statement of the Redution Map Theorem:
Theorem 1.7. Let X be a smooth projetive omplex manifold, let L be a pseudo-
eetive holomorphi line bundle on X with positive singular hermitian metri h.
Then there exists a dominant rational map f : X 99K Y with onneted bres suh
that
(i) (L, h) is numerially trivial on bres over points of Y outside a pluripolar
set.
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(ii) for all x ∈ X outside a pluripolar set, every urve C through x with
dim f(C) > 0 has intersetion number (L, h).C > 0
Here, bres of f are bres of the graph Γf ⊂ X×Y → Y seen as subshemes of X.
Finally, f is uniquely determined up to birational equivalene of Y .
There are two main dierenes to [Tsu00℄. First, the redution map need not be
almost holomorphi. A ounter example was already given in [BCE
+
00℄. Seond,
Tsuji ignores the fat that the singularities of arbitrary positive singular hermitian
metris are even more ompliated than very general algebrai sets: they lie on
pluripolar sets. This means for example, that the restrition of the singular metri
may be well dened only on bres over points outside a pluripolar set. But this is
not so bad: for example, the Zariski losure of the union of these bres is always
the whole variety.
After these adjustments it is possible to apply Tsuji's ideas in proving the Redution
Map Theorem:
(a) For eah ample divisor H and eah pair (L, h) of a line bundle with a
positive singular hermitian metri one an dene a volume
µh(X,H +mL) := (dimX)! lim sup
l→∞
l− dimXh0(X,OX(l(H +mL))⊗ I(h
ml))
and we have the following
Lemma 1.8.
(L, h) numerically not trivial ⇒ lim sup
m→∞
µh(X,H +mL) =∞.
(b) The lemma implies that for allN there exists anm0 suh that for arbitrarily
large l ≫ 0 there exist setions
0 6≡ σl ∈ H
0(X,OX(l(H +m0L))⊗ I(h
m0l)⊗mNlx )
for a suiently general point x ∈ X .
() This is used for
Key Lemma 1.9. Let f : M → B be a projetive surjetive morphism
from a smooth variety M to a smooth urve B. Let (L, h) be a pseudo-
eetive line bundle L with positive singular hermitian metri h. Suppose
that (L, h) is numerially trivial on all bres F of f over a set B′ ⊂ B
not of Lebesgue measure 0. If furthermore there is an (L, h)− general urve
W with f(W ) = B, (L, h) is numerially trivial on W , then (L, h) will be
numerially trivial on M .
The proof is done by ontradition: Any σl as above must be 0.
(d) Finally the theorem is derived from the Key Lemma with methods similar
to those in [BCE
+
00℄.
The intersetion number equality in Theorem 1.4 is needed essentially in proving
the Key Lemma 1.9, while the denition of the intersetion number is used several
times for swithing to birationally equivalent varieties.
Aknowledgement. This note owes its subjet and many ideas to the preprint
[Tsu00℄ of H. Tsuji. He also kindly answered some questions of the author during
the onferene of the DFG Researh enter Global Methods in Complex Geom-
etry in Marburg, June 2001. This DFG researh enter also supported a small
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Notation. If not otherwise stated, in the followingX is a smooth projetive omplex
manifold, L a holomorphi line bundle on X with positive singular hermitian metri
h. On any trivialization θ : L|Ω
≃
→ Ω× C, this metri is given by
‖ξ‖ = |θ(ξ)|e−φ(x), x ∈ Ω, ξ ∈ Lx.
The funtion φ ∈ L1loc(Ω) is alled the weight of the metri with respet to the
trivialization θ, and h is positive i φ is plurisubharmoni. In that ase, the Lelong
number of h (or φ) in z0 ∈ X is dened as
ν(h, z0) = ν(φ, z0) = lim inf
z→z0
φ(z)
log |z − z0|
.
If C ⊂ X is a smooth urve and h|C 6≡ ∞, the metri h|C will be a positive singular
hermitian metri on C, and there are Lelong numbers ν(h|C , x) for points x ∈ C.
2. Intersetion numbers
The aim of this setion is to prove Proposition 1.2, Theorem 1.6 and Theorem 1.4.
To this purpose one has to study the behavior of slies of positive urrents, espeially
what happens to their Lelong numbers.
Furthermore, the birational invariane of intersetion numbers is shown, and inter-
setion numbers are omputed on log resolutions in ase of analyti singularities.
2.1. Slies of positive urrents. The aim is to prove the following
Theorem 2.1. Let pi : X → B be a smooth family X of smooth projetive urves
over a smooth quasiprojetive base B. Let L be a pseudo-eetive line bundle on
X and h a positive singular hermitian metri on L. Then there is a pluripolar set
NB ⊂ B suh that for a ∈ B−NB, every bre pi−1(a), is an (L, h)− general urve.
This Theorem is essentially a onsequene of Ben Messaoud's
Theorem 2.2. Let M , G be two omplex varieties of dimension n and k, let φ be
a plurisubharmoni funtion on M and let f : M → G be a submersion admitting
a holomorphi setion s. Then there exists a pluripolar set E ⊂ G suh that for all
a ∈ G \ E, the restrited pluripolar funtion φ|f−1(a) 6≡ −∞ and
ν(φ, s(a)) = ν(φ|f−1(a), s(a)).
Proof. S. [ME00, Cor. 5.4℄. 
Now take an open subset U ⊂ X suh that pi : U ∼= ∆k ×∆→ ∆k with ∆ ⊂ C the
unit disk. Apply Theorem 2.2 to the family U ×∆
pi×id∆−→ ∆k ×∆, the pulled bak
plurisubharmoni funtion and the setion
s : ∆k ×∆→ U ×∆, (b, t) 7→ (b, t, t).
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Sine the projetion of s(∆k ×∆) on U is an isomorphism there is pluripolar set
EU ⊂ U suh that for all x ∈ U \ EU
ν(φ, x) = ν(φ|pi−1(pi(x)), x).
Sine the ountable union of pluripolar sets is again pluripolar the same is true for
a pluripolar set E ⊂ X . The other two requirements of Denition 1.3 for an (L, h)−
general urve also show that these urves must be bres outside the ountable union
of analyti subsets, whih is a pluripolar set. This shows the Theorem.
2.2. Proof of Proposition 1.2. The rst step is to ompare the sum of the re-
strited Lelong numbers on arbitray urves C ∈ X with h|C 6≡ ∞ to the ordinary
intersetion number of C with L:
Lemma 2.3. ∑
x∈C
ν(h|C , x) ≤ L.C.
Proof. Sine h|C is positive, the urvature urrent iΘh|C ≥ 0, too. By a the-
orem of Siu, the Lelong level sets Ec(φ) = {x ∈ X : ν(φ, x) ≥ c} are analyti
[Dem00, (2.10)℄. But then there are only ountably many points (xi)i∈N on C
with ν(h|C , xi) 6= 0. By Siu's deomposition formula [Dem00, (2.18)℄ the urrent
iΘh|C −
∑N
i=1 ν(h|C , xi)[xi] is still positive for arbitrary N (where [xi] is the inte-
gration urrent of the divisor xi). Consequently the rst Chern lass of the (R−)
divisor L|C −
∑N
i=1 ν(h|C , xi)xi is ≥ 0, hene L.C −
∑N
i=1 ν(h|C , xi) ≥ 0, and the
laim follows. 
Lemma 2.4. Let C be a smooth urve and h a positive singular hermitian metri
on C. Then:
lim sup
m→∞
1
m
degC I(h
m) = −
∑
x∈C
ν(h, x).
Proof. I(hm) is a torsion free subsheaf of OC , hene it orresponds to a divisor on
C, say I(hm) = O(−Dm), where Dm is an eetive divisor on C. We show that
multxDm ≤ ν(hm, x) < multxDm + 1 .(2.2.1)
This is true for arbitrary positive metris h: Choose a suiently small neigh-
borhood U of x suh that ν(h, y) < 1 for all y ∈ U \ {x}. Let φh and Θh be
the plurisubharmoni funtion and (1, 1)− urrent orresponding to h in U . As
explained in the proof of the previous lemma the urrent Θ = Θh − ν(h, x)[x] is
still positive, with ν(Θ, x) = 0, ν(Θ, y) < 1 for all y ∈ U \ {x}. Let ψ be a
plurisubharmoni funtion with ddcψ = Θ. Then φh = ψ+ ν(h, x) log |z−x|, hene
−multxI(h) ≥ ⌊ν(h, x)⌋.
On the other hand e−2(ψ+(ν(h,x)−⌊ν(h,x)⌋) log |z−x|) is loally integrable around x
sine the Lelong number in x is < 1, by Skoda's lemma [Dem00, (5.6)℄. This proves
I(h)x = ((z − x)
⌊ν(h,x)⌋), hene (2.2.1).
Now one onludes:
lim inf
m→∞
1
m
degC Dm
(2.2.1)
= lim inf
m→∞
1
m
∑
x∈C
⌊ν(hm, x)⌋ ≤ lim inf
m→∞
1
m
∑
x∈C
ν(hm, x)
=
∑
x∈C
ν(h, x) <∞.
The inequality a− 1m ⌊ma⌋ <
1
m for arbitrary a ∈ R,m ∈ N shows the lemma. 
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Proposition 1.2 follows from
lim sup
m→∞
1
m
h0(C,OC(mL)⊗OC(−Dm)) = lim sup
m→∞
1
m
degC(mL−Dm)(2.2.2)
Proof. By Lemma 2.3, degC Dm ≤
∑
x∈C ν(h
m
|C , x) ≤ mL.C. Consequently,
degC(mL−Dm) ≥ 0.
Let g(C) be the genus of the urve C. If degC(mL−Dm) ≤ 2g(C)−2 and mL−Dm
is not eetive, H0(C,O(mL − Dm)) = 0. If degC(mL − Dm) ≤ 2g(C) − 2 and
mL−Dm is eetive,
H0(C,O(mL −Dm)) ≤ degC(mL−Dm) + 1 ≤ 2g(C)− 1.
If degC(mL − Dm) > 2g(C) − 2, then H
1(C,O(mL − Dm)) = 0, and (2.2.2) will
follow by Riemann-Roh. 
2.3. Proof of Theorem 1.4. One main ingredient of the proof, whih is useful in
many irumstanes, is
Extension Theorem 2.5 (Ohsawa-Takegoshi). Let Ω ⊂ Cn be a bounded open
pseudoonvex set, L = {zi = . . . zn = 0}, 1 ≤ i ≤ n, a linear subspae, and
ψ ∈ Psh(Ω) with ψ|L 6= −∞.
Then there is a onstant C > 0, only depending on n, suh that for all holomorphi
funtions f on L with
∫
L∩Ω |f |
2e−2ψdλL < ∞, there is an F ∈ O(Ω) suh that
F|L = f and ∫
Ω
|F |2e−2ψdλΩ ≤ C ·
∫
L∩Ω
|f |2e−2ψdλL
Proof. S. [Dem00, (12.9)℄. 
Now let C be a smooth (L, h)− general bre urve of the family X . Let Dm, D′m
be the eetive divisors orresponding to the ideal sheaves I(hm|C) and I(h
m)|C , as
explained in subsetion 2.2. The Extension Theorem implies a natural inlusion
I(hm|C) ⊂ I(h
m)|C ,
hene degC D
′
m ≤ degC Dm, and one an prove
lim sup
m→∞
1
m
h0(C,OC(mL)⊗OC(−D
′
m)) = lim sup
m→∞
1
m
degC(mL−D
′
m)(2.3.1)
similarly as (2.2.2).
The (L, h)− generality implies
I(hm|C) = I(h
m)|C .
Proof. By Skoda's Lemma [Dem00, (5.6)℄, I(hm|C)x = I(h
m)|C,x = OC,x for all
points x ∈ C with ν(h, x) = ν(h|C , x) = 0.
Let x ∈ C be a point with ν = ν(h, x) = ν(h|C , x) > 0. Then there is a divisor D
through x loally dened by g ∈ OX,x, x ∈ Dreg and ν = νh,x = ν(h,D). As in
subsetion 2.1 it follows that
I(hm)x = (g
⌊mν⌋) ⊂ OX,x.
Similarly one onludes
I(hm|C)x = (g
⌊mν⌋) ⊂ OC,x.

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2.4. Charaterization of numerially trivial varieties. The proof of Theo-
rem 1.6 starts with the Siu deomposition of the urvature urrent [Dem00, (2.18)℄
Θh =
∑
i
ai[Di] +R
where the Di are the (ountably many) prime divisors in the Lelong number level
sets Ec(h) and the ai = minx∈Di ν(Θh, x).
Next, take a very ample divisor H . By Theorem 2.1 there is a smooth omplete
intersetion urve C = H1 ∩ . . .∩Hn−1, Hi ∈ |H | whih is (L, h)−general. Now by
Proposition 1.2
0 = (L, h).C = L.C −
∑
x∈C
ν(
∑
i
ai[Di]|C , x)−
∑
x∈C
ν(R|C , x).
Sine C is (L, h)− general the only points x ∈ C where ν(Θh, x) > 0 are
the intersetion points with the regular part of the Di's where furthermore
ν(Θh, x) = ν(Θh, Di) = ai. Consequently
0 = (L, h).C = L.C −
∑
i
aiDi.C.
But this implies
0 = R.C =
∫
X
R ∧ (ωH)
n−1
where ωH is the stritly positive C∞−metri belonging to the very ample divisor
H . Sine R is a positive urrent it follows
R = 0.
2.5. A ounterexample for non-(L, h)− general urves. First, one onstruts
a onvex funtion χ : R→ R with slow growth at −∞ (i.e. the derivation tends to
0) suh that χ(−∞) = −∞. For example, take
χ(x) =
{
x for x ≥ −1
−
∑n
k=1
1
k + (x+ n)
1
n+1 for − n− 1 ≤ x ≤ −n
Then one onsiders the plurisubharmoni funtion ψ = max(log |z1|, χ(log |z2|)) on
C2. The Lelong numbers ν(ψ, x) are 0 everywhere beause of the slow growth of χ at
−∞, but the restrition of ψ onto C = {z2 = 0} has Lelong number ν(ψ|C , 0) = 1.
The indued metri h may be extended to a metri of the relatively ample line
bundle O(1) on the P1− bundle C× P1 whih yields the ounterexample.
2.6. Birational invariane. Sine the intersetion numbers (L, h).C are om-
puted by pulling bak to the normalization Ĉ it is obvious that the intersetion
number (pi∗L, pi∗h).C¯ of the strit transform C¯ of a birational map pi does not
hange. The aim of this subsetion is to generalize this observation and to apply
it in the ase of analyti singularities, thus obtaining a more algebrai denition of
the intersetion numbers.
Lemma 2.6. Let µ : C′ → C be a nite morphism between smooth urves. Let
(L, h) be a pseudo-eetive line bundle on C with iΘh ≥ 0. Then
(µ∗L, µ∗h).C′ = deg µ · (L, h).C.
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Proof. It is enough to onsider the following situation: Let µ : ∆ → ∆, z 7→ zn
be a nite morphism on the unit dis ∆, let L be trivial on ∆ and let the funtion
ψ ∈ Psh(∆), iΘh = ddcψ. Then
ν(ψ, 0) = lim inf
|z|→0
ψ(z)
log |z|
= lim inf
|z|→0
ψ(zn)
log |zn|
=
1
n
lim inf
|z|→0
ψ(zn)
log |z|
=
1
n
ν(ψ ◦ µ, 0).
Now the lemma follows by Proposition 1.2. 
Proposition 2.7. Let f : Y → X be a surjetive morphism between smooth and
projetive varieties X and Y . Let (L, h) be a pseudo-eetive line bundle on X with
iΘh ≥ 0. Then
(L, h) numerically trivial on X ⇐⇒ (f∗L, f∗h) numerically trivial on Y.
Proof. Assume rst that (L, h) is numerially trivial on X . Let C ⊂ Y be an
irreduible urve on Y with f∗h|C 6≡ ∞. When f(C) is a point, this point will lie in
the smooth part of h, and there won't be any singularity of h on C. Consequently,
(f∗L, f∗h).C = f∗L.C = L.f∗C = 0.
When f(C) is another irreduible urve C′ then one an lift the morphism f|C to
the smooth normalizations Ĉ, Ĉ′, and the above equality follows by the lemma.
Similarly, assume that (f∗L, f∗h) is numerially trivial on Y . Let C be an irre-
duible urve on X with h|C 6≡ ∞. Then there exists an irreduible urve C
′ ⊂ Y
suh that f(C′) = C, and the argument is as above. 
The birational invariane an be used to prove the birational invariane of (L, h)−
generality:
Lemma 2.8. Let C be a smooth (L, h)− general urve on X, and let Z ⊂ X be a
smooth subvariety with C 6⊂ Z, let pi : X̂ → X be the blowup of X with entre Z.
Then the strit transform Ĉ of C is still (pi∗L, pi∗h)− general.
Proof. The assertion is lear as long as Z ∩ C = ∅. Otherwise, let x ∈ Z ∩ C be a
point suh that ν(h|C , x) = 0. Then for y the unique preimage of x in Ĉ,
0 = ν(pi∗h, y) ≤ ν(pi∗h|Ĉ , y) = ν(h|C , x) = 0.
If x ∈ Z ∩ C is a point suh that ν(h|C , x) > 0 then C will interset transversally
a prime divisor D of some Ec(h). Consider two ases:
(a) Z is a point. Then the intersetion of the strit transforms Ĉ ∩ D̂ = ∅, and
C intersets the smooth exeptional divisor E transversally in a unique
point y ∈ E with pi(y) = x. Furthermore,
ν(pi∗h,E) ≥ ν(h,D) = ν(h, x) = ν(h|C , x) = ν(pi
∗h|Ĉ , y),
hene ν(pi∗h,E) = ν(pi∗h|Ĉ , y).
(b) dimZ ≥ 1. Then Ĉ ∩ D̂ onsists of one point y, and by the same argument
as in (a), replaing E by D̂, it follows
ν(pi∗h, D̂) = ν(pi∗h|Ĉ , y).
D̂ annot be singular in y sine then ν(pi∗h|Ĉ , y) ≥ ν(pi
∗h, y) > ν(pi∗h, D̂).

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2.7. The ase of analyti singularities. The (L, h)− intersetion numbers are
muh easier to handle if the plurisubharmoni weight of the metri h has only
analyti singularities:
Denition 2.9. φ ∈ Psh(Ω), Ω ⊂ Cn open, is said to have analyti singulari-
ties, if loally, φ an be written as
φ =
α
2
log(
∑
|fi|
2) + v, α ∈ R+,
where v is loally bounded, and the fi are (germs of) holomorphi funtions.
For example, in this ase Theorem 1.4 is true for arbitrary smooth urves. Further-
more it is easier to ompute (L, h)− intersetion numbers on log resolutions.
But rst some more properties of metris with analyti singularities: By def-
inition, the orresponding plurisubharmoni weight may loally be written as
φh =
α
2 log(
∑
|fi|2) + O(1). Dene J (h/α) as the ideal sheaf of germs of holo-
morphi funtions f suh that
|f | ≤ C · (
∑
|fi|).
One an easily prove that J (h/α)x is the integral losure of the ideal generated by
the germs fi (f. [Dem00, (1.11)℄). Consequently, J (h/α) is oherent. Furthermore,
J (h/α)x = (g1, . . . , gM ) =⇒ φ =
α
2
log(
∑
|gi|
2) +O(1).
There exists log resolutions µ : X ′ → X of J (h/α) with X ′ non-singular, i.e.
(a) µ is proper birational,
(b) µ−1J (h/α) = J (h/α) · OX′ = OX′(−F ) where F is an eetive divisor on
X ′ suh that F + Exc(µ) has simple normal rossing support.
An existene proof is ontained in the Hironaka pakage, f. [BM97℄.
The main tool when dealing with metris with analyti singularities is the following
theorem whih may be seen as an algebrai denition of multiplier ideals:
Theorem 2.10. I(h) = µ∗(KΩ¯/Ω − [αF ]).
Proof. See [Dem00, (5.9)℄. 
The aim is now to prove
Proposition 2.11. Let X be a quasi-projetive manifold, L a pseudo-eetive line
bundle with positive singular hermitian metri h. Then for every smooth urve
C ⊂ X,
(L, h).C = lim sup
m→∞
1
m
h0(C,OC(mL)⊗ I(h
m) · OC),
where I(hm) · OC is the image of I(hm)⊗OC in OC .
Proof. Let Dm, D
′
m be eetive divisors orresponding to the torsion free ideal
sheaves I(hm|C), I(h
m) · OC = I(h
m)|C . By (2.2.2),(2.3.1) it is enough to show that
lim inf
m→∞
1
m
degC Dm = lim inf
m→∞
1
m
degC D
′
m(2.7.1)
Let (xi)i∈N be the ountably many points on C suh that multxDm 6= 0 or
multxD
′
m 6= 0 for some m ∈ N. Sine C is smooth there is an open subset U ⊂ X
ontaining all the xi suh that C = H2 ∩ . . .∩Hn is a omplete intersetion of very
ample smooth hypersurfaes Hi ⊂ U . It is enough to prove (2.7.1) on U , hene
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one an assume without loss of generality that C is a omplete intersetion on X
as above.
Now onstrut a log resolution µ : X ′ → X as above suh that furthermore,
() the support of F ontains the support of Exc(µ),
(d) the strit transforms H ′i of the Hi are smooth,
∑
Hi + F has simple nor-
mal rossing support and µ∗Hn = H
′
n +
∑
bjEj where the Ej are prime
omponents of Exc(µ).
One has
Theorem 2.12 (Loal vanishing). Let a ⊂ OX be an ideal sheaf on a smooth
quasiprojetive omplex variety X, and let µ : X ′ → X be a log resolution of a with
a · OX′ = OX′(−F ). Then for any rational c > 0:
Rjµ∗OX′(KX′/X − [c · F ]) = 0 for j > 0.
Proof. See [Laz00, 4.3℄. 
This theorem is used to prove the following inlusions of ideal sheaves on Hn: There
is a c ∈ N independent of m suh that
I(hm+c)|Hn ⊂ I(h
m
|Hn
) ⊂ I(hm)|Hn .
Equation (2.7.1) follows by indution and lim supm→∞
1
mdm+c = lim supm→∞
1
mdm
for sequenes (dm)m∈N.
The proof of this fat is modelled on the proof of the Restrition Theorem [Laz00,
(5.1)℄. First of all, µ|Hn : H
′
n → Hn is a log resolution of J (h/α)|Hn = J (h/α)·OHn
by property (d) of µ. Property (c) implies that there exists c ∈ N suh that
KX′/X − [mαF ]− cαF ⊂ KX′/X − [mαF ]−
∑
bjEj =: B,
and onsequently
I(hm+c)|Hn = µ∗(KX′/X − [(m+ c)αF ])|Hn ⊂ µ∗OX′(B)|Hn .
Now, B − H ′n = KX′/X − [mαF ] − µ
∗Hn. Loal vanishing applied on
J (h/mα) · O(−Hn) implies
R1µ∗OX′(B −H
′
n) = 0.
Then
µ∗OX′(B)|Hn = (µ|Hn)∗(OH′n(B|H′n))
follows by taking diret images in the exat sequene
0→ OX′(B −H
′
n)
·H′
n→ OX′(B)→ OH′
n
(B|H′
n
)→ 0.
Sine KH′
n
/Hn = (KX′/X −
∑
bjDj)|H′
n
, it follows
(µ|Hn)∗(OH′n(B|H′n)) = (µ|Hn)∗(KH′n/Hn − [mαF|H′n ]) = I(h
m
|Hn
),
hene the rst inlusion.
The seond inlusion follows by the Ohsawa-Takegoshi Extension Theorem. 
The last part of this subsetion shows how to ompute the (L, h)− intersetion
numbers for metris with analyti singularities on a log resolution of the ideal sheaf
of the singularities:
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Proposition 2.13. Let X be a smooth projetive variety, let (L, h) be a pseudo-
eetive line bundle L on X with a singular hermitian metri h suh that iΘh ≥ 0
and h has analyti singularities. Let J (h/α) be the ideal sheaf ot these singularities,
let µ : X˜ → X be a log resolution of X with µ∗J (h/α) = O(−F ). Let C ⊂ X be
an irreduible urve. Then
(L, h).C = µ∗L.C¯ − F.C¯,
where C¯ is the strit transform of C.
Proof. By birational invariane,
(L, h).C = (µ∗L, µ∗h).C¯.
But the pull bak of h is just the metri given by F by denition of analyti
singularities and log resolutions (s. [Dem00, (3.13)℄). This implies the proposition.

3. The Redution Map Theorem
3.1. The volume µh and numerial triviality. The aim of this subsetion is
the prove of Lemma 1.8 and the existene of a setion σλ as in step (b) of the
introdution.
The proof is by indution on dimX . If X = C is a smooth urve, the volume will
be
µh(C,H +mL) = lim sup
l→∞
1
l
H0(C,OC(l(H +mL))⊗ I(h
ml)) =
= lim sup
l→∞
1
l
degC OC(l(H +mL))⊗ I(h
ml)) =
= degC H + (L
⊗m, h⊗m).C = degC H +m · (L, h).C,
where the seond and the third equality follow by equation (2.2.2), while the fourth
is a onsequene of the Lelong number formula for the intersetion number.
If dimX = n, then for every n1 ≫ 0 there will be a hyperplane penil in |n1H |
with smooth enter Z ⊂ X suh that the general element F of the penil is smooth,
and for suiently general F , the restrited metri h|F 6≡ ∞.
Step 1. (L, h) is not numerially trivial on a suiently general F .
Let C ∈ X be an irreduible, not neessarily smooth urve suh that (L, h).C > 0.
Claim. For arbitrary ni ≫ 0, there exists a omplete intersetion
H1 ∩ . . . ∩Hn−1 = C ∪
⋃
i
Ci, Hi ∈ |niH |,
suh that the Ci are irreduible smooth urves with h|Ci 6≡ ∞.
Proof. If n = 2, the urve C is a divisor, and form≫ 0, the linear system |mH−C|
is very ample. Hene a general element C′ ∈ |mH−C| is irreduible, and h|C′ 6≡ ∞.
For n > 2, the urve C is ontained in irreduible hypersurfae H ′ with h|H′ 6≡ ∞.
For somem≫ 0 the linear system |mH−H ′| is very ample. Hene a general element
H ′′ ∈ |mH−H ′| is irreduible, and h|H′′ 6≡ ∞. Use indution onH1 = H
′∪H ′′. 
Claim. For every irreduible urve C ⊂ X , the following inequality is true:
(L, h).C ≤ L.C −
∑
j
ν(Θh, Dj)C.Dj .(3.1.1)
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Proof. Let pi : Ĉ → C be the normalization of C. By the deomposition theorem
of Siu [Dem00, (2.18)℄,
iΘh =
∑
j
ν(Θh, Dj)[Dj ] +R, R ≥ 0,
where R is a positive residual (1, 1)− urrent. Let φj , φR be the plurisubharmoni
funtions suh that (loally) ddcφj = [Dj ] and dd
cφR = R. Then
Θpi∗h =
∑
j
ν(Θh, Dj)dd
c(φj ◦ pi) + dd
c(φR ◦ pi) ≥
∑
j
ν(Θh, Dj)[pi
∗Dj ].
Sine lim infz→x
∑
fj(z) ≥
∑
j lim infz→x fj(z) for arbitrary funtions fj , it follows
ν(Θpi∗h, x) ≥
∑
j
ν(Θh, Dj)ν([pi
∗Dj ], x) =
∑
j
ν(Θh, Dj) ·multxpi
∗Dj ∀x ∈ Ĉ.
But then
(L, h).C = L.C −
∑
x∈Ĉ
ν(Θpi∗h, x) ≤ L.C −
∑
x∈Ĉ
(
∑
j
ν(Θh, Dj) ·multxpi
∗Dj) =
= L.C −
∑
j
ν(Θh, Dj)C.Dj .

By Theorem 2.1, on a suiently general bre F , there is a smooth irreduible
urve
CF = H
′
1 ∩ . . . H
′
n−1, H
′
i ∈ |niH |,
whih is (L, h)− general. Consequently,
(L, h).CF = L.CF −
∑
j
ν(Θh, Dj)CF .Dj.
But this implies together with (3.1.1)
(L, h).CF ≥ (L, h).(C +
∑
Ci) > 0,
beause L.CF = L.(C +
∑
Ci). Hene F is not numerially trivial.
Step 2. Let µ : X˜ → X be the blow up of X in Z, with exeptional divisor E.
Then
lim sup
m→∞
µµ∗h(X˜, µ
∗(H +mL)) =∞ =⇒ lim sup
m→∞
µh(X,H +mL) =∞.
Proof. First, KX˜ = µ
∗KX + E. By the funtorial property of multiplier
ideal sheaves [Dem00, (5.8)℄ this implies I(h) = µ∗(O(E) ⊗ I(µ∗h)). Sine
I(µ∗h) ⊂ O(E) ⊗ I(µ∗h) ⊂ KX˜ (the sheaf of total quotient rings), it follows
µ∗I((µ
∗h)ml) ⊂ I(hml).
By the projetion formula,
µ∗(µ
∗OX(l(H +mL))⊗ I((µ
∗h)ml)) = OX(l(H +mL))⊗ µ∗I((µ
∗h)ml).
Consequently,
h0(X˜, µ∗OX(l(H +mL))⊗ I((µ
∗h)ml))) ≤ h0(X,OX(l(H +mL))⊗ I(h
ml)),
whih implies the laim. 
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Step 3. lim supm→∞ µµ∗h(X˜, µ
∗(H +mL)) =∞.
For l0 ≫ 0 the line bundle l0µ∗H − E is ample on X˜. It is enough to show that
lim sup
m→∞
µµ∗h(X˜, l0µ
∗(H +mL)− E) =∞.
Let p : X˜ → P1 be the projetion on P1. Now, the sheaf
OX˜(ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0) is torsion free. Sine p is at,
p∗(OX˜(ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0)) ∼= Em,l ∼=
r⊕
i=1
O(ai)
is also torsion free, hene a loally free sheaf on P1. Here, the ai = ai(m, l) and
r = r(m, l) depend on m, l.
By upper semiontinuity and the Ohsawa-Takegoshi Extension Theorem, for a gen-
eral bre F
r(m, l) = h0(F,OF (ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0)|F )
≥ h0(F,OF (ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0|F )).
Sine (l0µ
∗(H +mL) − E)|F is ample and (L
l0
|F , h
l0
|F ) is not numerially trivial by
step 2, the indution hypothesis on F implies
lim sup
m→∞
(lim sup
l→∞
l−(n−1)r(m, l)) =∞.(3.1.2)
Let h0 be a C∞ hermitian metri on the ample line bundle OX˜(l0µ
∗H − E) with
Θh0 > 0, let h1 be any C
∞
metri on OP1(1). Then there exists a c ∈ Q>0 suh
that Θh0 − cpi
∗Θh1 is a positive Kähler form on X˜ .
Claim. Em,l ⊗OP1(−cl + 1) is globally generated for all l ∈ N with lc ∈ N, l ≫ 0.
Proof. By looking at the short exat sequene
0→ Em,l ⊗OP1(−cl)→ Em,l ⊗OP1(−cl + 1)→ Em,l ⊗OP1/mx → 0,
one sees that the vetor bundle Em,l ⊗ OP1(−cl + 1) is globally generated if
H1(P1, Em,l ⊗OP1(−cl)) = 0. But this ohomology group is ontained in
H0(P1, R1p∗(OX˜(ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0))⊗ p∗OP1(−cl)).
This higher diret image sheaf is 0 by Nadel vanishing [Dem00, (5.11)℄, ap-
plied on preimages in X˜ of open ane subsets of P1 and the big line bundle
ll0µ
∗(H +mL) − lE + p∗OP1(−cl) equipped with the positive singular hermitian
metri hl0 ⊗ (p
∗h1)
cl ⊗ (µ∗h)mll0 . 
The laim implies lim supl→∞ l
−1(mini ai) ≥ c, hene
l−n · h0(X˜,OX˜(ll0µ
∗(H +mL)− lE)⊗ I((µ∗h)mll0)) =
= l−n · h0(P1, Em,l) ≥ l
−(n−1)r(m, l)l−1(min
i
ai) ≥ c · l
−(n−1)r(m, l)
(3.1.2) implies step 3, and Lemma 1.8 is proven.
Lemma 3.1. Let X be a omplex projetive variety, let (L, h) be a pseudo-eetive
line bundle with positive singular hermitian metri h. Assume that (L, h) is not nu-
merially trivial. Let x ∈ X be a suiently general point suh that I(hm)x ∼= OX,x.
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Then, for any ample line bundle H, for all N ∈ N there exists m0 ∈ N suh that
for l ≫ 0 arbitrarily large there is a setion
0 6≡ σl ∈ H
0(X,OX(l(H +m0L))⊗ I(h
m0l)⊗mNlX,x).
Proof. By Lemma 1.8 there exists an m0 suh that the volume
µh(X,H +m0L) > N
dimX + 1. Consequently, for l ≫ 0 arbitrarily large,
h0(X,OX(l(H +m0L))⊗ I(h
m0l)) ≥
NdimX + 1
(dimX)!
ldimX + o(ldimX).
Set F := OX(l(H + m0L)) ⊗ I(hm0l). Sine I(hm)x ∼= OX,x, it is true that
h0(X,F ⊗OX/m
Nl
x ) =
NdimX
(dimX)! l
dimX + o(ldimX). Using the sequene
0→ H0(X,F ⊗mNlx )→ H
0(X,F)→ H0(X,F ⊗OX/m
Nl
x )
one gets the lemma. 
3.2. The Key Lemma. The proof of the Key Lemma 1.9 starts with the blow
up pi : M̂ → M in W . Then a very general urve R in the smooth exeptional
divisor Ŵ ⊂ M̂ is (pi∗L, pi∗h)− general: If D is a prime divisor in some Ec(h) with
D ∩W 6= ∅, then the strit transform D̂ of D will have minimal Lelong number
ν(pi∗h, D̂) ≥ ν(h,D). Now hoose a very general urve R ⊂ Ŵ suh that the
branhing lous pi|R : R → W does not ontain any of the ountably many points
y ∈ W with ν(h|W , y) > 0. Then for x ∈ D̂,
ν(pi∗h|R, x) = ν(h|W , pi(x)) = ν(h, y) = ν(h,D) ≤ ν(pi
∗h, D̂ ≤ ν(pi∗h, x),
hene ν(pi∗h|R, x) = ν(pi
∗h, x). For all the other x ∈ R, the Lelong number
ν(pi∗h|R, x) = 0, hene
0 = ν(pi∗h, x) ≤ ν(pi∗h|R, x) = 0.
Now assume that (L, h) is not numerially trivial on M . By birational invariane,
(pi∗L, pi∗h) is not numerially trivial on M̂ . (This is an appliation of the denition
of (L, h)− intersetion numbers). For an ample line bundle H on M̂ , it follows
lim sup
m→∞
µh(M̂,H +mpi
∗L) =∞
by Lemma 1.8. Let x0 ∈ Ŵ be a suiently general point suh that
I(pi∗hm)x0
∼= OM̂,x0 for all integers m. By Lemma 3.1, for all N there exists
an m0 suh that for arbitrarily large l ≫ 0 there is a non-vanishing setion
σl ∈ H
0(M̂,O
M̂
(l(H +m0pi
∗L))⊗ I(pi∗hm0l)⊗mNlx0 )− {0}.
Let R be a family of smooth intersetion urves of n− 2 divisors in |H|Ŵ | through
x0 whih over Ŵ . Choose d0 ≫ 0 suh that for general bres F of f̂ = f ◦ pi,
HdimF−1 · F · (H − d0Ŵ ) < 0.
Claim. There exists an A0 > 0 independent of m0 suh that
dimH0(R,OR(l(H +m0pi∗L)− sŴ )⊗ I(pi∗hm0l)|R) ≤ A0 · l + o(l)(3.2.1)
for all urves R ∈ R with h|R 6≡ ∞ and for all 0 ≤ s ≤ d0l.
16 THOMAS ECKL
Proof. Sine (pi∗L, pi∗h) is numerially trivial on Ŵ ,
(pi∗L, pi∗h).R = lim sup
m→∞
1
m
degR(OR(mpi
∗L)⊗ I(pi∗hm)|R) = 0.
(This is the appliation of Theorem 1.4, i.e. the (L, h)− generality of R.) Conse-
quently,
degR(OR(l(H +m0pi
∗L)− sŴ )⊗ I(pi∗hm0l)|R) = degR(OR(lH − sŴ ) +
degR(OR(lm0pi
∗L)⊗ I(pi∗hm0l)|R)
≤ A0 · l + o(l)
for some A0 > 0, as long as 0 ≤ s ≤ d0l.
If Ŵ .R ≤ 0 the ampleness of H will imply by Riemann-Roh that
H1(R,OR(l(H +m0pi
∗L)− sŴ )⊗ I(pi∗hm0l)|R) = 0
and hene the laim.
If Ŵ .R > 0 there will exist an a0 suh that for all s ≥ a0 the ohomology group
H0(R,OR(sŴ )) 6= 0. Therefore,
h0(R,OR(l(H +m0pi
∗L)− sŴ )⊗ I(pi∗hm0l)|R) ≤
h0(R,OR(l(H +m0pi
∗L))⊗ I(pi∗hm0l)|R),
and this gives the laim for a0 ≤ s ≤ d0l. For s ≤ a0 one an argue as above with
H ample and Riemann-Roh. 
Now hoose N > A0 + d0. Then
degR σl|R ≥ N · l
for the orresponding setion
σl|R ∈ H
0(R,OR(l(H +m0pi
∗L))⊗ I(pi∗hm0l)|R ⊗m
Nl
R,x0).
Beause s = 0 (3.2.1) implies that σl|R ≡ 0 for l ≫ 0 depending on R. But sine
σl vanishes on a Zariski losed subset and the urves in R over Ŵ , there exists an
l≫ 0 suh that σ
l|Ŵ
≡ 0 and
σl ∈ H
0(M̂,O
M̂
(l(H +m0pi
∗L)− Ŵ )⊗ I(pi∗hm0l)⊗mNl−1x0 ).
By repeating the argument for 0 < s ≤ d0l one nally gets
σl ∈ H
0(M̂,O
M̂
(l(H +m0pi
∗L)− d0lŴ )⊗ I(pi
∗hm0l)).
Let F be suiently general, pi∗h|F 6≡ ∞ and (pi
∗L, pi∗h) numerially trivial on F .
Let SF be a family of smooth intersetion urves of dimF − 1 divisors in |H|F |
overing F . Let S ∈ SF be suh a urve, pi∗h|S 6≡ ∞, and assume that S ∩ Ŵ 6= ∅.
Sine (pi∗L, pi∗h) is numerially trivial on F ,
(pi∗L, pi∗h).S = lim sup
m→∞
1
m
degS(OS(mpi
∗L)⊗ I(pi∗hm)|S) = 0.
Furthermore, by assumption
S.(H − d0Ŵ ) = H
dimF−1.F.(H − d0Ŵ ) < 0,
hene
degS(OS(l(H +mpi
∗L)− d0lŴ )⊗ I(pi
∗hm0l)|S) < 0
for some l ≫ 0, and as above one onludes σl|F ≡ 0, σl ≡ 0 whih is a ontradition.
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3.3. Proof of the pseudo-eetive Redution Map Theorem. The main on-
strution used in this proof is desribed by the following
Lemma 3.2. Let X be a omplex projetive variety, let M be a set of subvarieties
Fm ⊂ X, m ∈ M , suh that the union
⋃
m∈M Fm ⊂ X is not ontained in a
pluripolar set in X. Then there is a family F ⊂ X × B of subshemes of X,
overing the whole of X, and a set B′ ⊂ B not ontained in a pluripolar set of B,
parametrizing subvarieties Fm, m ∈M .
Proof. M may be interpreted as a subset of Chow(X). There are only ount-
ably many omponents of Chow(X). Hene there must be at least one ompo-
nent C ⊂ Chow(X) suh that the subshemes parametrized by the Zariski losure
Z = C ∩M over the whole of X , and C∩M is not a pluripolar set in Z. Otherwise,
the subvarieties Fm, m ∈ M , are ontained in a pluripolar set of X , ontradi-
tion. 
Consider families f˜ : X→ N with the following properties:
(i) X ⊂ X × N , X,N quasi-projetive, irreduible, general bres are subvari-
eties of X ;
(ii) the projetion p : X→ X is generially nite;
(iii) (L, h) is dened and numerially trivial on suiently general bres of f˜ ,
i.e. on a set of bres M⊂N whih is not ontained in a pluripolar set;
(iv) the bres are generially unique, i.e. if U ⊂ N is an open subset suh that
f˜|U is at then the indued map U → Hilb(X) will be generially bijetive.
The identity map id : X → X is suh a family, hene there is one with minimal
base dimension dimN .
Claim. The projetion p : X→ X is birational on suh a minimal family f˜ : X→ N .
Proof. Assume that p is not birational.
Then, for a general bre F of f and a general point x ∈ F there is another bre
F ′ ontaining x, hene a urve C′ with x ∈ C′ ⊂ F ′ and C′ 6⊂ F . Consequently,
one gets a family of urves g : C → M with C ⊂ X × M giving a generially
nite overing of X suh that for the general g− bre urve C the f− projetion
has dim f(C) = 1. By blowing up and base hange one an assume the following
situation:
X X
p
oo
f

C˜
pioo
f˜

g˜
// M˜
N N˜oo
where C˜, M˜ and N˜ are smooth, the general bres of g˜ are smooth urves and the
bres of f˜ map onto bres of f in X . Furthermore, the maps p and pi are generially
nite.
Let (L˜, h˜) be the pulled bak (L, h). Take an (L˜, h˜)− general g˜− bre urve C
in C˜ suh that the general f˜− bre through points of C is smooth. Look at the
subvariety GC = f˜
−1(f˜(C)) ⊂ C˜. It may be not smooth, but by the smoothness of
the general f˜−bre, the singular lous does not ontain C. Hene using Lemma 2.8,
an embedded resolution of GC in C˜ gives a smooth subvariety ĜC in the blow up
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Ĉ suh that the strit transform Ĉ of C is still (µ∗L˜, µ∗h˜)− general in Ĉ. By the
following lemma, Ĉ is also (µ∗L˜, µ∗h˜)− general in ĜC , and one an apply the Key
Lemma: ĜC is (µ
∗L˜, µ∗h˜)−numerially trivial. By birational invariane this is true
for the image of ĜC in X , too. But dim ĜC > dimF . Sine all urves in a family
are (L, h)− general outside a pluripolar set, the onstrution in Lemma 3.2 gives a
new family
g : Y→M
satisfying onditions (i) - (iv), and
dimM = dimX − dimG = dimX − (dimN ′ + dimF ) < dimX − dimF = dimN
for bres G of g. This is a ontradition to the minimality of dimN . 
Lemma 3.3. Let Y ⊂ X be a smooth subvariety in a projetive omplex variety X
with a pseudo-eetive line bundle L and a positive singular hermitian metri h on
L suh that h|Y 6≡ ∞. Then an (L, h)− general urve is also an (L|Y , h|Y )− general
urve on Y .
Proof. ν(h|C , x) = 0 implies 0 = ν(h|Y , x) ≤ ν(h|C , x) = 0, hene
ν(h|Y , x) = ν(h|C , x).
ν(h|C , x) > 0 implies that x ∈ D for some prime divisor D on some Ec(h). The
restrited divisor D|Y may be singular but not in x: Then,
ν(h|Y , x) > ν(h|Y , D|Y ) ≥ ν(h,D) = ν(h|C , x),
ontradition. 
In the same way one shows
Claim. Let g˜ : X → N˜ be another family satisfying the onditions (i) - (iv). Then
there is a ommutative diagram of rational maps
X Xoo
f˜

X˜
oo_ _ _
g˜

N N˜oo_ _ _
suh that the general bre of g˜ is ontained in a bre of f˜ . 
On the one hand, this laim implies the birational uniqueness of f˜ . On the other
hand one an prove laim (ii) in the pseudo-eetive Redution Map Theorem: If
(ii) is not satised there will be a set of points N ⊂ X whih is not ontained in a
pluripolar set suh that
∀ x ∈ N ∃ Cx ∋ x irreducible curve, dim f˜(Cx) = 1 : (L, h).Cx = 0.
By Lemma 3.2 one gets a family of urves satisfying onditions (i)-(iv). The laim
implies that the general bre of this family is ontained in a bre of f˜ , hene also
some of the urves Cx: ontradition.
Finally it is possible to prove that in part (i) of the Redution Map Theorem, all
bres outside a pluripolar set are (L, h)− numerially trivial: This pluripolar set
is just the set of bres F suh that h|F ≡ ∞. Beause assume to the ontrary
that C ⊂ F is a urve on a bre F suh that h|C 6≡ ∞, hene h|F 6≡ ∞, and C is
not (L, h)− numerially trivial. Then, as in step 1 of subsetion 3.1, (L, h) is not
numerially trivial on suiently general bres F , ontradition !
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